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Abstract
We study the small–angle double bremsstrahlung in e−e± scattering for a jet kine-
matics where both photons move along the electron direction. This region gives
the main contribution to the cross section. We present analytic expressions for all
64 amplitudes with arbitrary helicity states of the initial and final leptons and the
produced photons convenient for analytic and numerical studies. The accuracy of
the obtained amplitudes is given omitting only terms of the order of m2/E2j , θ
2
j
and θjm/Ej . The helicity amplitudes for the cross channel γe
± → γe+e− + e± are
given. Several limits for the helicity amplitudes of hard or soft final particles are
considered.
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1 Introduction
Nowadays colliders and detectors are able to work with polarized particles.
Therefore QED jet–like processes are required to be described in full detail
including the helicities of all particles. Among other reactions, those inelastic
processes whose cross sections do not fall with energy are of special interest.
In particular, QED jets formed by two or three particles in reactions of the
type
e+e− → e+γ + e− , e+e− → e+γγ + e− , e+e− → e+e+e− + e−
provide a realistic model for hadronic jets. The complete set of all QED jet–
like tree processes up to order α4 in the electromagnetic coupling have been
listed in our previous paper [1]. For all of them except one we have obtained
compact and simple analytic expressions for all helicity amplitudes to a high
accuracy [2,3,1]. The process of double bremsstrahlung along one direction and
its cross channel, discussed in the present paper, completes the calculation of
all helicity amplitudes to order α4.
Let us define by a jet kinematics in QED a high energy reaction in which the
outgoing leptons and photons are produced within a small cone 5 relative to
an axis given by their parental incoming lepton or photon. At high energies
with the condition (p1, p2 are the incoming 4-momenta, mj are the lepton
masses)
s = 2p1p2 = 4E1E2 ≫ m2j (1)
the dominant contribution to the non-decreasing cross sections is given by the
region of scattering angles θj which is much smaller than unity though could
be of the order of the typical emission angles mj/Ej or larger:
mj/Ej
<∼ θj ≪ 1 . (2)
In this kinematic region all processes have the form of two–jet processes with
an exchange of a single virtual photon γ∗ in the t–channel (see Fig. 1).
In the kinematic region (1), (2) it is possible to obtain compact and relatively
simple analytic expressions for all helicity amplitudes of the jet-like QED
processes to a high accuracy omitting terms of the relative order of
5 The opening angle of the cone is characterized by the maximal polar angles of
the produced particles.
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Fig. 1. Generic block diagram ee→ two jets.
m2j
E2j
, θ2j ,
mj
Ej
θj (3)
only.
The amplitude Mfi corresponding to the diagram of Fig. 1 can be presented
in the form
Mfi =M
µ
up
gµν
k2
Mνdown , (4)
where Mµup and M
ν
down are the amplitudes of the upper and lower block of
Fig. 1, respectively, and (−gµν/2) is the density matrix of the virtual photon.
The transition amplitude Mup describes the scattering of an incoming particle
(in our case a lepton) with a virtual photon of “mass” squared k2 and polar-
ization 4–vector e = k⊥/
√
−k2⊥ (k⊥ is the 4–vector transverse to p1 and p2) to
some QED final state in the jet kinematics of Eqs. (1), (2) (similar forMdown).
To introduce some notations for e−e+ collisions we use the block diagram of
Fig. 1 as an example. We work in a reference frame in which the initial particles
with 4–momenta p1 and p2 perform a head–on collision with energies E1 and
E2 of the same order. The z–axis is chosen along the momentum of the first
initial particle, the azimuthal angles are denoted by ϕj (they are referred to
one fixed x-axis). Exploiting the freedom in choosing a general phase factor,
we put the initial azimuthal angle of the electron ϕ1 and that of the positron
ϕ2 equal to zero:
ϕ1 = ϕ2 = 0 . (5)
It is convenient to introduce “the almost light–like” 4–vectors p and p′
p= p1 − m
2
s
p2 , p
′ = p2 − m
2
s
p1 , p
2
1 = p
2
2 = m
2 ,
p2= p′
2
=
m6
s2
≈ 0 , s = 2p1p2 = 2pp′ + 3m
4
s
. (6)
3
With accuracy (3) the matrix gµν from Eq. (4) can be transformed to the form
gµν → 2
s
p′µpν , (7)
(for details, see [4], §4.8.4) which results in the factorized representation for
the amplitude
Mfi =
s
k2
JupJdown . (8)
The vertex factors Jup,down are given by the block amplitudes M
µ
up and M
ν
down
Jup =
√
2
s
Mµup p
′
µ , Jdown =
√
2
s
Mνdown pν . (9)
The quantities Jup and Jdown can be calculated in the limit s→∞ assuming
that the energy fractions and transverse momenta of the final particles are
finite.
We study the double bremsstrahlung in one direction for small angle e−e±
scattering
e−(p1) + e
±(p2)→ e−(p3) + γ(k1) + γ(k2) + e±(p4) . (10)
For unpolarized particles this process has been discussed in Refs. [5] and [6]
where the differential cross sections and photon spectra were calculated in the
approximation of classical currents and equivalent photons. In Refs. [6,7] the
matrix element squared for the unpolarized case has been found to the accu-
racy (3). The helicity amplitudes of the process (10) for large angle scattering
have been calculated in Refs. [8,9]. The recent interest to multiphoton emis-
sion is related to the exact calculation of Bhabha scattering needed for LEP
luminosity calibration (see, for example, Refs. [10]).
In Born approximation the process (10) (with photons not only along one
direction) is described by 32 Feynman diagrams. In the considered kinematics
(forward scattering at high energies) only 16 scattering–type diagrams are
relevant since the contribution to the cross section which does not decrease
with the energy arises from those Feynman diagrams with a virtual photon
exchange in the t–channel. Restricting to the case in which both photons are
emitted along the electron (p1) direction, only six diagrams are relevant. Three
of them are shown in Fig. 2.
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Fig. 2. Feynman diagrams for double bremsstrahlung in e−e+ scattering, diagrams
with k1 ↔ k2 have to be added.
2 The double bremsstrahlung helicity amplitudes in the jet kine-
matics
2.1 The Sudakov 4-vector decomposition and kinematic invariants
The amplitude for the double forward bremsstrahlung of the process (10) can
be written with accuracy (1), (2) in the factorized form (for definiteness the
Bhabha scattering is considered, see Fig. 2, where the momenta and helicities
of all particles are indicated)
M(e−e+ → e−γγ + e+) = s
k2
Jup(e
−γ∗ → e−γγ)Jdown(e+γ∗ → e+) , (11)
k = p4 − p2 = p1 − p3 − k1 − k2 .
The vertex factor Jdown has been calculated earlier [1]:
Jdown(e
+
λe¯2
γ∗ → e+λe¯4) =
√
8piα e−i λe¯4 ϕ4 δλe¯2,λe¯4 , (12)
The quantity λe¯2 = ±1/2 (λe¯4) denotes the helicities of the initial (final)
positron, ϕ4 is the azimuthal angle of the final e
+.
We have to calculate the upper vertex Jup. The almost light-like vectors p and
p′ have components p = E1(1, 0, 0, 1), p
′ = E2(1, 0, 0,−1). It is convenient to
use the Sudakov decomposition of any 4–vector along p and p′ and transverse
to them. For the momenta of the photons and the initial and final electron we
have
ki = αip
′ + xip+ ki⊥ , k
2
i⊥ = −k2i , (i = 1, 2) ,
k = αkp
′ + βkp + k⊥ , k
2
⊥ = −k2 , (13)
p1 =
m2
s
p′ + p , p3 = α3p
′ + x3p+ p3⊥ , p
2
3⊥ = −p23 ,
with the two–dimensional Euclidean vectors k, ki and p3 = −k − k1 − k2
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perpendicular to the beam axes, e.g.
k = (kx, ky) . (14)
In the kinematics of a jet moving close to the direction of the first electron
the 2–vectors ki and p3 have typical values of a few electron masses whereas
k might be much smaller. The quantities x1,2 and x3 = 1 − x1 − x2 are the
energy fractions of the emitted photons and the scattered electron
xi =
ki0
E1
, x3 =
p30
E1
=
E3
E1
. (15)
They are supposed to be of the order of unity while αi, α3, αk and βk are small
and vanish as 1/s. Later on we often use complex circular components of a
generic 2–vector transverse to the beam axes denoted by the corresponding
Greek characters, e.g. for the 2–vector (14)
κ = kx + i ky , κ
∗ = kx − i ky . (16)
The on–shell conditions for the incoming electron and the outgoing electron
and photons lead to
sαi =
k2i
xi
, sα3 =
m2 + p23
x3
, (17)
s(αk + α1 + α2) = − 1
x3
[
m2(1− x3) + p23
]
.
From the on–shell condition for the outgoing spectator (a positron in Bhabha
scattering) p24 = (p2 + k)
2 = m2 we find the expression
sαkβk − k2 + sβk +m2αk = 0 (18)
and present the momentum transfer squared (the 4–momentum of the virtual
photon k) in the form
k2 = sαkβk − k2 = − 1
1 + αk
(
k2 +m2α2k
)
. (19)
Taking into account Eq. (19), we observe that the Sudakov parameter αk is
related to the invariant mass squared of the jet generated by the scattered
electron and two accompanying photons
6
(p3 + k1 + k2)
2 = (p1 − k)2 = m2 − k2 − sαk . (20)
From Eqs. (17), (18) and (19) explicit expressions for αk and βk can be derived.
After replacing all Sudakov parameters by the energy fractions xi, x3 and the
2-vectors ki and k, the kinematic invariants appearing in the upper vertex
take the following form:
ai≡−(p1 − ki)2 +m2 = 1
xi
(m2x2i + k
2
i ) ,
bi≡ (p3 + ki)2 −m2 = 1
xix3
(m2x2i + r
2
i ) ,
a≡−(p1 − k1 − k2)2 +m2 = a1 + a2 − 1
x1x2
(x1k2 − x2k1)2
=
1
x1x2
[
x1x2(1− x3)m2 + x2(1− x2)k21 + x1(1− x1)k22 + 2x1x2k1k2
]
,
b≡ (p3 + k1 + k2)2 −m2 = b1 + b2 + 1
x1x2
(x1k2 − x2k1)2 (21)
=
1
x1x2x3
[
x1x2(1− x3)m2 + x2(1− x2)(k1 + x1k)2
+x1(1− x1)(k2 + x2k)2 + 2x1x2(k1 + x1k)(k2 + x2k)
]
,
where
r1 = x1(k2 + k) + (1− x2)k1 , r2 = x2(k1 + k) + (1− x1)k2 (22)
or
ri = x3ki − xip3 . (23)
Note that b = −k2 − sαk and b→ a/x3 in the limit k→ 0.
Using the gauge invariance of an amplitude containing photons we can replace
the polarization vector ei of a photon i
6 with external momentum ki by ei +
ζiki. The arbitrary parameter ζi is chosen in such a way that the polarization
vector does not contain a Sudakov projection onto the light–like vector p:
ei ≡ e(λi)(ki) = αeip′ + e(λi)⊥ . (24)
The transverse component e⊥ which does not depend on the 4–momentum of
the photon ki is chosen as
6 As usual, ei (e
∗
i ) are used for incoming (outgoing) photons.
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e
(λi)
⊥ = −
λi√
2
(0, 1, iλi, 0) , e
(λi)∗
⊥ = −e(−λi)⊥ . (25)
The Sudakov parameters αei are found from the conditions eiki = 0:
sαei =
2e(λi)ki
xi
=
√
2
xi
(−δλi,1κi + δλi,−1κ∗i ) . (26)
Here κi and κ
∗
i are the circular components of the vector ki [compare Eq.
(16)].
2.2 Helicity amplitudes for the upper vertex factor Jup(e
−γ∗ → e−γγ)
Now all ingredients are prepared to calculate the helicity amplitudes for the
upper vertex factor. We will use the following notation indicating the helicity
states of the electron λei and of the photons λi explicitly:
Jup ≡
√
2(4piα)3/2
s
Mλ1 λ2λe1λe3 . (27)
The matrix element M can be represented by the Feynman diagrams shown
1k k2
k
p
k k
1
21
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Fig. 3. Feynman diagrams for e−γ∗ → e−γγ, diagrams with k1 ↔ k2 have to be
added.
in Fig. 3. The amplitudes corresponding to that figure are
M = (1 + P12)Q , Q =M1 +M2 +M3 , (28)
where
M1= 1
a1a
u¯3pˆ
′(pˆ1 − kˆ1 − kˆ2 +m)eˆ∗2(pˆ1 − kˆ1 +m)eˆ∗1u1 ,
M2=− 1
a1b2
u¯3eˆ
∗
2(pˆ1 − kˆ1 − kˆ +m)pˆ′(pˆ1 − kˆ1 +m)eˆ∗1u1 , (29)
M3= 1
b2b
u¯3eˆ
∗
2(pˆ1 − kˆ1 − kˆ +m)eˆ∗1(pˆ1 − kˆ +m)pˆ′u1 .
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The permutation operator P12 for the photons is defined as
P12f(k1, e1; k2, e2) = f(k2, e2; k1, e1) , P212 = 1.
The quantity Q is gauge invariant with respect to the virtual photon k since
all permutations of this photon are taken into account. Therefore Q is propor-
tional to k⊥ in the limit k⊥ → 0. Indeed, using the relations
Q = p′µQ
µ , kµQ
µ = (αkp
′ + βkp+ k⊥)µQ
µ = 0 , (30)
we immediately obtain (neglecting the small contribution βkpµQ
µ ∼ 1/s)
Q = −k⊥µ
αk
Qµ . (31)
Now we transform the quantities Mj to such a form that in their sum Q this
noticed low k⊥ behaviour is present explicitly. The reason is that in that case
all individual large (compared to k⊥) contributions are cancelled. The first
step is to use the Dirac equations pˆ1u1 = mu1, u¯3pˆ3 = mu¯3 and to rearrange
the amplitudes Mj of Eq. (29) as follows:
M1= u¯3
{
sx3
a1a
eˆ∗2(pˆ1 − kˆ1 +m)eˆ∗1 +
1
a1a
pˆ′kˆeˆ∗2(pˆ1 − kˆ1 +m)eˆ∗1
}
u1 ,
M2= u¯3
{
−s(1− x1)
a1b2
eˆ∗2(pˆ1 − kˆ1 +m)eˆ∗1 −
1
b2
eˆ∗2pˆ
′eˆ∗1
+
1
a1b2
eˆ∗2kˆpˆ
′(pˆ1 − kˆ1 +m)eˆ∗1
}
u1 , (32)
M3= u¯3
{
s
b2b
eˆ∗2(pˆ1 − kˆ1 +m)eˆ∗1 −
s
b2b
eˆ∗2kˆeˆ
∗
1
− 1
b2b
eˆ∗2(pˆ3 + kˆ2 +m)eˆ
∗
1kˆpˆ
′
}
u1 .
From these formulae we observe that the last terms inM1,M2,M3 are pro-
portional to k⊥ up to terms of the order of (3):
pˆ′kˆ = pˆ′(αkpˆ
′ + βkpˆ+ kˆ⊥) = pˆ
′kˆ⊥ = −kˆpˆ′ . (33)
As a next step we note that the sum of the first three terms in Eqs. (32) is
also proportional to k⊥ since [see Eqs. (21)]
9
A ≡ x3
a1a
− 1− x1
a1b2
+
1
b2b
, A|k⊥→0 = 0 . (34)
Finally we consider the sum of the second terms of the quantities M2,M3
given in Eqs. (32). Using the relations (21) and (20) one gets
− pˆ
′
b2
− s(αkpˆ
′ + kˆ⊥)
b2b
= −skˆ⊥
b2b
+
pˆ′k2
b2b
. (35)
Therefore, from Eqs. (33), (34), (35) it is clearly seen that the discussed prop-
erty (31)
(M1 +M2 +M3) |k⊥→0 = 0
is obviously satisfied and the quantity Q =
∑3
j=1Mj is a sum of terms explic-
itly proportional to k⊥:
Q= u¯3
{
As eˆ∗2(pˆ1 − kˆ1 +m)eˆ∗1 +
1
a1a
pˆ′kˆ⊥eˆ
∗
2(pˆ1 − kˆ1 +m)eˆ∗1
− k
2
b2b
eˆ∗2eˆ
∗
1pˆ
′ − s
b2b
eˆ∗2kˆ⊥eˆ
∗
1 (36)
+
1
a1b2
eˆ∗2kˆ⊥pˆ
′(pˆ1 − kˆ1 +m)eˆ∗1 −
1
b2b
eˆ∗2(pˆ3 + kˆ2 +m)eˆ
∗
1kˆ⊥pˆ
′
}
u1 .
The subsequent calculations require to determine several bilinear spinor com-
binations which are listed in Appendix A.
As a result, we obtain the complete expression for the amplitude of double
forward bremsstrahlung in a jet kinematics
M(e−e+ → e−γγ + e+) = 32pi
2α2
k2
Mλ1 λ2λe1λe3 e−i λe¯4 ϕ4 δλe¯2,λe¯4 . (37)
All helicity amplitudes Mλ1 λ2λe1λe3 are expressed via the complex circular com-
ponents κi, κ and ρi of the vectors ki, k and ri [see Eqs. (16) and (22)]
κi = kix + i kiy , κ = kx + i ky , ρi = rix + i riy , i = 1, 2 . (38)
The spin non–flip amplitudes (with λe1 = λe3 = +1/2 ≡ +) being proportional
to the factor
Sλe3 = s
√
x3e
iϕ3λe3 , (39)
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are equal to 7
M++++=2S+(1 + P12)
{
A
κ∗1ρ
∗
2
x1x2x3
− κ
∗
1κ
∗
x1a1a
+
κ∗ρ∗2
x2x3b2b
}
,
M−−++= x3S+
(M++++
S+
)∗
,
M+−++=−2S+ (C + P12D) ,
M−+++=P12M+−++ , (40)
C =A
(
κ∗1κ2
x1x2
− x1
x3
m2
)
− κ
∗
1κ
x1a1b2
+
x1x2κ
∗κ+ x1κ
∗κ2 + x2κ
∗
1κ
x1x2b2b
,
D= (1− x1)
(
A
κ1ρ
∗
2
x1x2x3
− κ1κ
∗
x1a1a
+
κρ∗2
x2x3b2b
)
.
Another convenient form of C useful for the soft photon limit (see Section 3.1)
and for the later crossing (Section 4) is
C =
1− x2
1− x1D
∗ +∆, (41)
∆=−1
a
+
1
b
+
x1x2m
2 + κ∗1ρ2
x3a1b2
+
κ∗1(x2κ1 − x1κ2)
x1a1a
− (x2κ
∗
1 − x1κ∗2)ρ2
x2x3b2b
.
Note that in the limit of a soft (second) photon the function D ∝ 1/x2 whereas
∆ remains finite.
For the spin flip amplitudes (with λe1 = −λe3 = +1/2) proportional to mS−
we obtain
M+++−=2mS−(1 + P12)
{
−1− x3
x2
G∗ + x1
[
A
(
κ∗1
x1
− κ
∗
2
x2
)
+
κ∗
a1b2
]}
,
M−−+−=0 ,
M+−+−=2mS− (F + P12G) , (42)
7 To clarify the notation we stress that in Eqs. (40) and (42) the operator P12
simply changes the indices 1↔ 2, for instance
P12M+−+− = 2mS−(P12F +G), P12F = x2
[
(P12A) ρ1
x1x3
− κ
a2a
]
,
with
P12A = x3
a2a
− 1− x2
a2b1
+
1
b1b
.
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M−++−=P12M+−+− ,
F = x1
(
A
ρ2
x2x3
− κ
a1a
)
, G =
x2
x3
(
A
κ1
x1
+
κ
b2b
)
.
The remaining amplitudes with λe1 = −1/2 can be obtained by applying the
parity conservation relation
M−λ1, −λ2−λe1,−λe3 = −(−1)λe1+λe3
(
Mλ1, λ2λe1,λe3
)∗
. (43)
This rule follows from the transformation properties of the electron and photon
wave functions under space inversion [see §16 in Ref. [11] and Eq. (25)]:
ui ≡ u(λei)pi → i (−1)s−λeiu(−λei)pi , pe(λi) → pe(−λi) = −pe(λi)∗ , (44)
where s = 1/2 and p is an arbitrary 2–vector. These properties give an ad-
ditional factor (−1)nγ+2s−λe1−λe3 where nγ = 2 is the number of real photons.
Therefore, under replacement (43) we have to take the complex conjugates of
the original helicity amplitudes with sign plus for the spin non-flip amplitudes
(40) and sign minus for the spin flip ones (42).
All helicity amplitudes in Eqs. (40) and (42) are explicitly proportional to κ
or to the function A. Therefore, they vanish ∝ |k| in the limit |k| → 0. It
is clear (although not obvious) that also ∆ in Eq. (41) vanishes in that limit
since both C and D in (40) tend to zero.
We note the explicit Bose symmetry between the two photons in the ampli-
tudes (40) and (42):
Mλ1 λ2λe1λe3(κ1, x1; κ2, x2) =Mλ2 λ1λe1λe3(κ2, x2; κ1, x1) . (45)
Since the spin–flip amplitudes are proportional to the lepton mass they are
negligible compared to the spin non–flip ones for not too small scattering
angles
m
x1,2,3E1
≪ θ1,2,3 ≪ 1 . (46)
We observe that in our kinematics the transitions with the largest change
of helicities between initial and final particles |λe1 − λe3 − λ1 − λ2| = 3 are
forbidden, in our case the amplitudeM−−+− = 0. This is in agreement with the
vanishing amplitude for single photon bremsstrahlung with the largest change
of helicities |λe1 − λe3 − λ1| = 2, see later Eq. (50).
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3 Limiting cases of soft and hard final particles
3.1 The soft photon limit
A useful check of the results obtained is the limiting case in which one of the
real photons (belonging to the upper block Jup) becomes soft. For definiteness
let us suppose that this is the second photon which means that x2 ≪ 1, k2 → 0,
but k2/x2 remains finite.
It is known that in this limit the upper block factorizes and can be presented
in the form
Jup =
√
4piα Jup(e
−
λe1
γ∗ → e−λe3γλ1)A2 , (47)
where
A2 =
(
p1
p1k2
− p3
p3k2
)
e∗2 (48)
is the factor of the accompanying classical emission of the second photon. This
factor is easily transformed to
A2 =
2
x2
(
k2
a2
− r2
b2
)
e(λ2)∗ . (49)
The vertex factor Jup(e
−
λe1
γ∗ → e−λe3γλ1) can be found in Ref. [1]:
Jup(e
−
λe1
γ∗ → e−λe3γλ1) = 8piα
√
1− x1 eiϕ3λe3 (50)
×
{√
2Q1e
(λ1)∗
1− x1δλ1,−2λe1
x1
δλe1,λe3 +mR1δλ1,2λe1δλe1,−λe3
}
.
Here we use the notations (q1 = k1/x1)
Q1=
k1
a1
− r1
x3b1
=
q1
m2 + q21
− k + q1
m2 + (k+ q1)2
, (51)
R1=
x1
a1
− x1
x3b1
=
1
m2 + q21
− 1
m2 + (k + q1)2
.
Therefore, in the soft photon limit the spin non–flip and flip amplitudes are
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Mλ1 λ2λe1λe1 =2Sλe1Q1e(λ1)∗
1− x1δλ1,−2λe1
x1
A2 , (52)
Mλ1 λ2λe1,−λe1 =
√
2mS−λe1 R1 δλ1,2λe1A2 .
These expressions coincide with those from the amplitudes (40), (42) in the
limit of a soft (second) photon when
a→ a1 , b→ b1 , ρ1 → κ1 + x1κ , (53)
A→ − x3
a1b2
+
1
b1b2
, P12A→ x3
a1a2
− 1
b1a2
.
This can be easily shown for most of the helicity amplitudes given in Eqs.
(40), (42), for the amplitudeM+−++ we use the form (41) for C and neglect ∆
in this limit.
3.2 The soft electron limit m≪ E3 ≪ E1
For this limit we assume that the final electron has an energy E3 much smaller
than that of the initial lepton E1, but the lepton remains ultrarelativistic. This
leads to the condition x3 ≪ 1 whereas the value of the 2–vector p3 is com-
parable to those of the other 2–vectors. In that limit the helicity amplitudes
vanish with
√
x3 due to the factor Sλe3 [see Eq. (39)] and the cross section
tends to zero with x3. Besides of this obvious factor the remaining dominant
part of the amplitude (staying finite in that limit) can be found.
The kinematic invariants a, b and bi are simplified to
a = m2 + (k1 + k2)
2 , x3b = m
2 + (k+ k1 + k2)
2 = m2 + p23 ,
bi = xib . (54)
Additionally we have
A→ x3
a1
(
1
a
− 1
x3b
)
, P12A→ x3
a2
(
1
a
− 1
x3b
)
, ρi → −xipi3 . (55)
From Eqs. (40) and (42) we derive
M++++ = 2S+
(
κ∗1
x1a1
+
κ∗2
x2a2
)(
κ∗1 + κ
∗
2
a
+
pi∗3
x3b
)
,
M−−++ = 0 ,
M+−++ = −2x1S+
{
κ2
x2a2
(
κ∗1 + κ
∗
2
a
+
pi∗3
x3b
)
−m2 1
a1
(
1
a
− 1
x3b
)}
,
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M−+++ = P12M+−++ , (56)
M+++− = −2mS−
(
1
a
− 1
x3b
)(
κ∗1
x1a1
+
κ∗2
x2a2
)
,
M+−+− = 2mx1S−
{
1
a1
(
κ1 + κ2
a
+
pi3
x3b
)
+
(
1
a
− 1
x3b
)
κ2
x2a2
}
,
M−++− = P12M+−+− ,
M−−+− = 0 .
Introducing the notations
Qe =
k1 + k2
a
+
p3
x3b
, Re =
1
a
− 1
x3b
, (57)
the matrix elements in the soft electron limit can be written as
Mλ1 λ2λe1λe3 =
√
x3s e
iϕ3λe3 (1 + P12)
(
2Qee
(λ2)∗ δλ2,2λe3 +
√
2mReδλ2,−2λe3
)
× 1
a1
(
1− x1δλ1,−λ2
x1
2k1e
(λ1)∗ δλ2,2λe1 +
√
2mx1δλ1,−λ2δλ2,−2λe1
)
. (58)
Considering additionally a soft (second) photon we arrive at the case (60)
discussed in Section 3.3.
3.3 The limits of a hard electron or a hard photon
In the limit of a hard electron x3 → 1 both photons become soft. Using
Eqs. (52) for that case, only the non–flip amplitudes remain:
Mλ1 λ2λe1λe3 = sA1A2 eiϕ3λe3δλe1,λe3 , (59)
Ai =
2
xi
(
ki
ai
− ri
bi
)
e(λi)∗=2
(
kie
(λi)∗
x2im
2 + k2i
− (ki + xik)e
(λi)∗
x2im
2 + (ki + xik)2
)
.
Now we consider the case when the first photon is hard and the soft electron
remains ultrarelativistic: x1 → 1 leading to x2,3 ≪ 1, |r2|/b2 ≪ |k2|/a2 and
A2 → 2k2e(λ2)∗/(x2a2). The amplitudes can be derived from Eqs. (52) where
Q1 and R1 from Eqs. (51) have to be taken at x1 → 1:
Mλ1 λ2λe1λe3 =
√
x3s e
iϕ3λe3
(
2Q1e
(λ1)∗δλe3,λe1 +
√
2mR1δ−λe3,λe1
)
(60)
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×δλ1,2λe1
2
x2a2
k2e
(λ2)∗ .
From that expression one can see that only those amplitudes remain in which
the initial electron transfers its helicity to the hard photon: λ1 = 2λe1, and
they vanish as
√
x3.
4 The cross channel γe±→ γe+e− + e±
4.1 Crossing relations and helicity amplitudes
We consider the reaction
γ(k˜1) + e
±(p2)→ γ(k˜2) + e+(p+) + e−(p−) + e±(p4) , (61)
which is one of the cross channels to the double forward bremsstrahlung con-
sidered before. We denote in the cross channel the 4–momenta of the initial
photon by k˜1 with energy ω˜1 and helicity λ1, the 4–momenta (Euclidean 2–
vectors) of the final lepton pair by p± (p±) and the final photon by k˜2 (k˜2)
with helicities λ± and λ2, respectively.
The amplitude for reaction (61) can be obtained in the jet kinematics by
considering the cross channel of the upper vertex only:
M(γe± → γe+e− + e±) = s˜
k2
Jup(γγ
∗ → γe+e−)Jdown(e±γ∗ → e±) , (62)
with
Jup(γγ
∗ → γe+e−) = Jcrossup (e−γ∗ → e−γγ) , s˜ = 2k˜1p2 . (63)
The following 4–vector replacements have to be performed:
k1 → −k˜1 , k2 → k˜2 , p1 → −p+ , p3 → p− , (64)
with the remaining 4–vectors k, p2 and p4 held intact.
Obviously, the corresponding energy fractions are
y± =
E±
ω˜1
, y2 =
ω˜2
ω˜1
, y+ + y− + y2 = 1 . (65)
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The Sudakov decomposition is easily performed (using k˜1 and p˜
′ = p2 −
(m2/s˜)k˜1 as light–like vectors instead of p and p
′, respectively)
p± =
m2 + p2±
s˜y±
p˜′ + y±k˜1 + p±⊥ , k˜2 =
k˜22
s˜y2
p˜′ + y2k˜1 + k˜2⊥ . (66)
Comparing the kinematic invariants ai, bi with their corresponding crossed
invariants and using the replacements (64) and the Sudakov decomposition
(66) we find the substitution rules for the energy fractions and Euclidean
2–vectors (compare Ref. [12])
x1 → 1
y+
, x2 → − y2
y+
, x3 → −y−
y+
, (67)
k1
x1
→ p+ , r1
x1
→ −p− , k2
x2
→ p+ − y+
y2
k˜2 ,
r2
x2
→ −p− + y−
y2
k˜2 ,
with
p+ + p− + k˜2 + k = 0 .
To take into account the substitution rules for the polarizations of the particles,
we have to re-introduce the azimuthal angle of the initial electron ϕ1. This
changes only the phase of the factor Sλe3 given in Eq. (39). Therefore, in this
section we use
Sλe1λe3(ϕ1, ϕ3)= s
√
x3 e
i (ϕ3λe3−ϕ1λe1) = 4E1E2
√
x3 e
i (ϕ3λe3−ϕ1λe1) , (68)
Sλe3 =Sλe1λe3(0, ϕ3)
instead of Sλe3 . Consequently, the helicity amplitudes given in Eqs. (40) and
(42) have to be used now with the factor Sλe1λe3(ϕ1, ϕ3) and they depend on
both lepton azimuthal angles explicitly.
Under crossing we have the substitution rules for the helicities and the lepton
azimuthal angles
λ1 → −λ1 , λe1 → −λ+ , λe3 → λ− , λ2 → λ2 , ϕ1,3 → ϕ+,− . (69)
which leads to
Sλe1λe3(ϕ1, ϕ3)→ S˜λ+λ− =−i s˜
√
y+y− e
i (ϕ−λ−+ϕ+λ+) . (70)
The kinematic invariants are transformed to
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{
a1
b1
}
→ a±=±2k˜1p± = ± 1
y±
(
m2 + p2±
)
,{
a2
b2
}
→ b±=∓2k˜2p± = ∓ 1
y±y2
[
y22m
2 +
(
y2p± − y±k˜2
)2]
, (71){
a
b
}
→ a˜±=∓k2 ∓ 2kp∓ = a± + b± ± 1
y2
k˜22 ,
A→ y−B= y−
{
− 1
y+a+ a˜+
+
1− y+
y+a+ y−b−
+
1
y−b− a˜−
}
.
We introduce the permutation operator P with the properties
Pf(p+, λ+; p−, λ−) = f(p−, λ−; p+, λ+) , (72)
or in more detail
Pf(a±, b±, a˜±, y±, pi±, λ±) = f(−a∓,−b∓,−a˜∓, y∓, pi∓, λ∓) . (73)
As usual, the circular components of p± and k˜2 are used
pi± = px± + i py± , κ˜2 = k˜2x + i k˜2y . (74)
The operator P is similar to P12 in the original channel, in fact it will inter-
change e+ ↔ e− in the crossed amplitudes.
As a result, we obtain the amplitude for reaction (61) in the considered jet
kinematics
M(γe± → γe+e− + e±) = 32pi
2α2
k2
M˜λ1 λ2λ+λ−e−i λe4 ϕ4 δλe2,λe4 , (75)
where λe2 (λe4) are the helicities of the electrons or positrons moving along
the −z axis before and after the collision with the initial photon. Using the
function C in Eq. (41) for crossing and the notations
Y1 = Bpi+ +
κ
y−b− a˜−
, Y2 = pi− − y−
y2
κ˜2 , (76)
the helicity amplitudes in the cross channel are presented as follows:
M˜−+−+ = 2S˜−+ y+(1− P)
{
Y ∗1 Y
∗
2 −
pi∗+κ
∗
y+a+ a˜+
}
,
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M˜+−−+ = S˜−+P
(M˜−+−+
S˜−+
)∗
,
M˜−−−+ = −2S˜−+
(
C˜ + PD˜∗
)
,
M˜++−+ = S˜−+P
(M˜−−−+
S˜−+
)∗
, (77)
D˜ = −(1 − y+)
{
Y1Y
∗
2 −
pi+κ
∗
y+a+ a˜+
}
,
C˜ = −1− y−
1− y+ D˜
∗ − 1
a˜+
+
1
a˜−
+
y2
(
m2 − Y2pi∗+
)
y+a+ y−b−
− pi
∗
+κ˜2
y+a+ a˜+
+
κ˜∗2Y2
y−b− a˜−
,
M˜−−−− = 2mS˜−− (1 + P)
{
BY2 − κ
y+a+ a˜+
}
,
M˜++−− = 2mS˜−− y2 (1 + P)Y1 ,
M˜−+−− = 2mS˜−− (1 + P)
{
(1− y2)Y ∗1 +B
y−
y2
κ˜∗2 +
κ∗
y+a+ b−
}
,
M˜+−−− = 0 .
The remaining amplitudes are derived from a relation equivalent to Eq. (43)
M˜−λ1,−λ2−λ+,−λ− = −(−1)λ++λ−
(
M˜λ1, λ2λ+,λ−
)∗
. (78)
The helicity amplitudes (77), (78) are C–odd. Therefore, they have to be sym-
metric under lepton–antilepton exchange e− ↔ e+. This symmetry, expressed
by the relation
M˜λ1 λ2λ+λ− (a±, b±, a˜±, y±, pi±, ϕ±) = (79)
M˜λ1 λ2λ−λ+ (−a∓,−b∓,−a˜∓, y∓, pi∓, ϕ∓) ,
can be easily seen for all amplitudes taking into account Eq. (78) and P2 = 1.
Note an alternative form for C˜ useful for deriving the hard photon limit dis-
cussed below in Section 4.2:
C˜ =
y−
1− y+ D˜
∗ −B
(
y−κ˜2pi
∗
+
y2
−m2
)
− κ˜2κ
∗
y2b−a˜−
− κpi
∗
+
y+a+b−
. (80)
Since the function B analogous to A tends to zero for |k| → 0, the helicity
amplitudes (77) are again proportional to |k| in that limit as expected from
crossing. For C˜ this can be seen using its form (80).
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4.2 Soft and hard particle limits
In the soft photon limit (k˜2 → 0) we use
Q =
p+
m2 + p2+
+
p−
m2 + p2−
, R =
1
m2 + p2+
− 1
m2 + p2−
(81)
and have to consider (at y2 → 0)
a˜± → a± , B → R
b−
, PB → R
b+
. (82)
This limit again leads to a factorized form of the upper vertex:
Jup(γλ1γ
∗ → e+λ+e−λ−γλ2) =
√
4piα Jup(γλ1γ
∗ → e+λ+e−λ−) A˜2 , (83)
where Jup(γλ1γ
∗ → e+λ+e−λ−) can be found in Ref. [1] and
A˜2 =
(
p+
p+k˜2
− p−
p−k˜2
)
e∗2 =
2
y2
(
y2p+ − y+k˜2
b+
+
y2p− − y−k˜2
b−
)
e(λ2)∗ (84)
is the classical emission factor of the final photon. With notations (81) and
(84) we find the non-vanishing helicity amplitudes in that limit
M˜λ1 λ2λ+λ− = i s˜
√
y+y−e
i (ϕ+λ++ϕ−λ−)A˜2 (85)
×
{
2Qe(λ1)
(
y+ − δλ1,−2λ+
)
δλ+,−λ− −
√
2mRδλ1,2λ+δλ+,λ−
}
.
From Eq. (85) we derive the amplitudes in the limit of a hard electron (y− → 1,
y+, y2 ≪ 1)
M˜λ1 λ2λ+λ− =−i s˜
√
y+e
i (ϕ+λ++ϕ−λ−)
2
b−
p−e
(λ2)∗ (86)
×
{
2Qe(λ1) δλ+,−λ− +
√
2mRδλ+,λ−
}
δλ1,2λ− .
In this case the helicity of the initial photon is transferred to that of the hard
electron only, i.e., λ1 = 2λ−.
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The soft electron limit corresponds to the condition y− ≪ 1 and finite trans-
verse momentum p−. It can be obtained as cross channel from Eq. (58) per-
forming the replacements (69) and (70) for Sλe1λe3 as well as
x1 → 1
y+
, x2 → − y2
y+
= −1− y+
y+
,
k1 → 1
y+
p+ , k2 → −1 − y+
y+
p+ + k˜2 , p3 → p− , (87)
a1 → a+ , a2 → b+ , a→ m2 + (p+ + k˜2)2 , x3b→ m2 + p2− .
In that limit the helicity amplitudes vanish as
√
y−.
Finally we consider the hard final photon limit y2 → 1 and y± ≪ 1. From
the general helicity amplitudes (77) and using the form (80) of C˜ we find in
leading order in y+ and y−
M˜−−−+=M˜++−+ = −2S˜−+
{
B
(
m2 − pi∗−pi+
)
+
κ∗pi+
y+a+ a˜+
+
pi∗−κ
y−a− a˜−
}
,
M˜++−−=M˜−−−− = 2mS˜−−(1 + P)
{
Bpi− − κ
y+a+ a˜+
}
, (88)
M˜+ −λ+λ− =M˜− +λ+λ− = 0 ,
where in this limit b± → −a± and
B=PB = − 1
y+a+ a˜+
− 1
y+a+ y−a−
− 1
y−a− a˜−
, (89)
a˜+=−P a˜− = y−a+ +m2 + (p+ + k˜2)2 ,
the a± are defined in Eqs. (71). Note that the helicity of the initial photon is
transferred to that of the hard final photon, the amplitudes vanish as
√
y+y−.
5 Conclusions
The present work completes a series of publications [2,3,1] where the helicity
analysis of Born processes with non-decreasing cross sections up to fourth
order in α has been performed in a jet kinematics. These specific kinematic
conditions provide the main contribution to the total cross section at high
energies. On the other hand, under these kinematic conditions Monte Carlo
simulations as well as analytical calculations by known methods (compare, for
example, Ref. [9]) are difficult to perform. Therefore, the results obtained can
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be useful for monitoring and calibrating of polarized beams at high energy
colliders. They might also be used for almost exact estimates of the essential
background in a number of reactions with polarized particles.
The main results of our paper are summarized in Eqs. (37), (40), (42) and
(75), (77) which give the analytical expressions for all 64 helicity amplitudes
to the high accuracy (3). Let us summarize some specific features of those
helicity amplitudes using as example the double bremsstrahlung process:
• The obtained formulae for the helicity amplitudes are compact and conve-
nient for numeric calculations since in their form large compensating terms
are already cancelled. Indeed, in Eqs. (40) and (42) all items are either pro-
portional to κ = kx + i ky or to the function A (34) which vanishes at small
transverse momentum of the t–channel exchange photon |k|. Therefore, the
amplitude
|M(e−e+ → e−γγ + e+)| ∝ |k| at |k| → 0 . (90)
• The helicity amplitudes Mλ1λ2+ − and Mλ1λ2− + , in which the electron changes
its helicity, are proportional to the electron mass m (see Eq. (42)). They
become small compared with the non-spin flip amplitudesMλ1λ2+ + andMλ1λ2− −
for large scattering angles (46) or small energies of both photons ω1,2 ≪ E1.
• The amplitudesM−−+− andM++−+ with the maximal change of helicities |λe1−
λe3 − λ1 − λ2| = 3 are equal to zero under our kinematic conditions.
• If the energy of any final particle tends to that of the initial electron, the
incoming electron transfers its helicity to that particle: λi = 2λe1 at ωi → E1
or λe3 = λe1 at E3 → E1.
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A Calculation of necessary bilinear spinor structures
We have to calculate all bilinear spinor structures appearing in Eq. (36) in
order to find the helicity amplitudes in the s→ ∞ limit. For example, let us
consider the numerator of the second term of Eq. (36).
N = u¯3pˆ
′kˆ⊥eˆ
∗
2(pˆ1 − kˆ1 +m)eˆ∗1u1 . (A.1)
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We transpose eˆ∗1 to the left and obtain
N = u¯3pˆ
′kˆ⊥eˆ
∗
2
[
eˆ∗1(−pˆ1 + kˆ1 +m) + 2p1e∗1
]
u1 . (A.2)
Using the Sudakov decomposition of the 4–vectors e∗i and k1 [see Eqs. (13),
(24), (26)] and taking into account pˆ′pˆ′ = 0, pˆu1 ≈ pˆ1u1 = mu1 we find
N = u¯3pˆ
′kˆ⊥eˆ
∗
2⊥
[
eˆ∗1⊥kˆ1⊥ +mx1eˆ
∗
1⊥ +
2
x1
k1e
(λ1)∗
]
u1 . (A.3)
Similar transformations can be performed for the other terms of Eq. (36).
As a result we conclude that it is sufficient to calculate the following combina-
tions u¯3pˆ
′aˆ⊥bˆ⊥ . . . cˆ⊥u1 and u¯3aˆ⊥bˆ⊥ . . . cˆ⊥u1. Here the bispinors u are defined
as follows (for an initial electron with helicity +1/2)
u1 =

√
E1 +mw1
√
E1 −mw1
 , u3 =

√
E3 +mw3
2λe3
√
E3 −mw3
 , (A.4)
with
w1 =
 1
0
 , w(+1/2)3 =
 e−iϕ3/2
θ3
2
eiϕ3/2
 , w(−1/2)3 =
−θ32 e−iϕ3/2
eiϕ3/2
 ,
(A.5)
and
pˆ′ = E2
 1 σz
−σz −1
 , aˆ⊥ = −axγx − ayγy . (A.6)
The σi and γi are the Pauli and Dirac matrices in the standard representation.
Introducing the circular components of the Euclidean 2–vector a
a± = ax ± i ay , a∗∓ = a± , (A.7)
we obtain
aˆ⊥ = −1
2
(a+γ− + a−γ+) , γ± =
 0 σ±
−σ± 0
 . (A.8)
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Since σ+w1 = 0 and σ−w1 =
(
0
2
)
, we have γ+u1 = 0 and γ+γ−u1 = −4u1.
From this it follows that
aˆ⊥u1 = −1
2
a+γ−u1 , aˆ⊥bˆ⊥u1 = −a−b+u1 , (A.9)
aˆ⊥bˆ⊥cˆ⊥u1 =
1
2
a+b−c+γ−u1 , aˆ⊥bˆ⊥cˆ⊥dˆ⊥u1 = a−b+c−d+u1 .
Introducing the shorthand notations
δλe3,±1/2 = δ± , δλi,±1 = δi±
and using the quantity Sλe3 defined in Eq. (39) we arrive at the following four
basic combinations
u¯3pˆ
′u1=S+δ+ , u¯3pˆ
′aˆ⊥u1 = −a+S−δ− ,
s u¯3u1=
1
x3
[−pi3S−δ− + (1 + x3)mS+δ+] , (A.10)
s u¯3aˆ⊥u1=−a+
x3
[pi∗3S+δ+ + (1− x3)mS−δ−] ,
where
pi3 = p3x + i p3y = −κ− κ1 − κ2 . (A.11)
Choosing a⊥ = e
(λ)∗
⊥ we find a± = ∓
√
2δλ,±1.
Then the relevant bilinear combinations [using the Sudakov decomposition of
all 4–vectors of Eq. (36)] are found to be
u¯3pˆ
′u1=S+δ+ ,
u¯3pˆ
′eˆ∗iu1=
√
2δi+S−δ− ,
u¯3pˆ
′eˆ∗2eˆ
∗
1u1=2δ2−δ1+S+δ+ ,
u¯3pˆ
′eˆ∗2⊥kˆi⊥u1=−
√
2κiδ2−S+δ+ ,
u¯3pˆ
′kˆ⊥eˆ
∗
i⊥u1=
√
2κ∗δi+S+δ+ ,
u¯3pˆ
′kˆ⊥eˆ
∗
2⊥eˆ
∗
1⊥u1=−2κδ2−δ1+S−δ− , (A.12)
u¯3pˆ
′eˆ∗2⊥eˆ
∗
1⊥kˆi⊥u1=−2κiδ2+δ1−S−δ− ,
u¯3pˆ
′eˆ∗2⊥kˆ⊥eˆ
∗
1⊥u1=2κ
∗δ2+δ1+S−δ− ,
u¯3pˆ
′eˆ∗2⊥eˆ
∗
1⊥kˆ⊥u1=−2κδ2+δ1−S−δ− ,
u¯3pˆ
′eˆ∗2⊥kˆ⊥eˆ
∗
1⊥kˆi⊥u1=2κκiδ2−δ1−S+δ+ ,
u¯3pˆ
′kˆi⊥eˆ
∗
2⊥eˆ
∗
1⊥kˆ⊥u1=−2κ∗iκδ2+δ1−S+δ+ ,
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s u¯3eˆ
∗
i⊥u1=
√
2δi+
1
x3
[pi∗3S+δ+ + (1− x3)mS−δ−] ,
s u¯3eˆ
∗
2⊥eˆ
∗
1⊥u1=2δ2−δ1+
1
x3
[−pi3S−δ− + (1 + x3)mS+δ+] ,
s u¯3eˆ
∗
2⊥eˆ
∗
1⊥kˆi⊥u1=−2δ2+δ1−
κi
x3
[pi∗3S+δ+ + (1− x3)mS−δ−] ,
s u¯3eˆ
∗
2⊥kˆ⊥eˆ
∗
1⊥u1=2δ2+δ1+
κ∗
x3
[pi∗3S+δ+ + (1− x3)mS−δ−] .
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